According to a number of observers the multiple scattering of fast electrons by thin foils is appreciably less than the scattering predicted by the theory of this effect given some time ago by the present author. The statistical part of the theory, which in the earlier work was developed with special regard to the scattering of cosmic-ray particles, has been reconsidered more closely for the conditions of the experiments on fast electrons. The results con6rm within a few percent the scattering given by the earlier general formula. The discrepancies must accordingly be attributed to experimental error or to a failure of the basic collision theory. A new formula is given which represents the mean. projected deflection within 1 percent over the whole range of experimental conditions. The distribution of the projected deflections is considered more closely than in the earlier paper, and a general expression for the most probable deflection in space is also given. The theory is extended to the multiple scattering of a-particles, the quantum- (1938) indicated that the scattering of electrons with energy of the order 10 Mev by thin foils (~0.01 cm lead) is appreciably less than the calculated value. In view of this discrepancy, and of further similar experiments in progress, I have considered more closely the multiple scattering under the conditions concerned, vis. thin foils as scatterers rather than thick plates as in the cosmic-ray experiments -the earlier calculations being primarily concerned with the latter. The results of these more specific calculations for thin foils are practically identical with those required by the general formula given in the earlier paper (which we shall refer to as S).
The discrepancy between the above experiments on fast electrons and theory thus remains unchanged. The multiple scattering of O.-particles, which was not considered in the earlier paper, is in satisfactory agreement with the theory. In this connection it might be mentioned that while the statistical part of the theory is exactly the same for O.-particles as for fast electrons and cosmic-ray particles, the basic collision theory is different in that classical mechanics must be used and not the Born approximation. In this paper we give: (1) an expression for the mean deflection which while numerically identical with the earlier formula for the scattering of cosmic-ray particles is slightly more accurate for very large departures from such conditions, (2) results of more detailed calculations on the distribution of scattering. (In the earlier paper the distribution was not calculated with the same accuracy as the mean defiection. The new results, however, show that the division of the distribution into a Gaussian distribution and a single-scattering "tail" as given earlier is remarkably accurate. ) (3) a fuller discussion of the efFect of inelastic electronic scattering, (4) a fuller discussion of the effect of the "geometrical" limitation on the tracks observed in the experiments, (5) a discussion of the efl'ect of the scattering of the tracks in the gas of the cloud chamber, and the "curvature" of cloud tracks produced by scattering, (6) an extension of the theory to ' P.,M. S.Blackett and J.G. Wilson, Proc. Roy. Soc. 160, 304 (1937) . ' W. A. Fowler and J, Oppenheimer, Phys. Rev. 54, 320 (1938) n-particles and comparison with experiment, (7) a summary of results, (8) a discussion of some recent papers on the subject. (6), (7) and (8) were added in proof (April 12, 1940) . n = 0.80ag+ 1.45 nP = log, (2s-NtZ4 "s'5'/3 1m'P'c') =log. M say.
(2) and (3) are identical for the scattering of fast particles by 1 cm of lead (3f, = 3IIo, = 3.3 X 10'), ' they diifer by only 2 percent for &=300 (corresponding (1) MEAN DEFLECTION As in the earlier paper we shall, throughout this one, use as a unit of angle, the quantity
N is the number of atoms per cc of scattering foil, Z the atomic number, t the thickness of the foil, 3f"the mass of the scattered particle, se its charge, Pc its velocity, g= (1 -P') &, and p is the curvature of the path of the particle in a magnetic 6eld II. 
In the earlier paper ( actual cases the latter factor is practically equal to (1+Z ')'. Accordingly, apart from the singlescattering tail, the effect of electronic scattering may be allowed for, simply by replacing Z by (Z'+Z)i in the various formulae.
(4)
In the cloud-chamber experiments on the scattering of fast electrons by thin foils the angle of scattering observed is that between the initial direction and the projection of the emergent direction on a plane containing the initial direction and perpendicular to the direction of photography. In Fig. 1 this projected angle of scattering n (assumed small) is represented along the axis OA, the other component, n', of the true scattering angle being represented along OB. The shaded area represents the region in which the scattering is multiple, -with an approximately Gaussian distribution. This area has a radius of nearly 1.5&2. The question we have to consider here is the effect of a limitation of the component a' to values less than a certairi limit P, as such limitation operates in the experiments. We shall first consider the case of $~1.5&2 ($2 in Fig. 1 ).
The scattering in the excluded region is under these conditions practically single scattering, and, accordingly, the probability of a deflection with n between n and n+dn, and with a')P, is may be appreciably less than this if a limit is set to the ener jy lost by the observed electrons. where P(a) is the distribution calculated for all n' and given by Eq. (5). Under the conditions concerned, vis. $)1.5&~, the relative value of P, (cx) is very small in the region of multiple scattering, and in this region the distribution is still practically Gaussian. The effect is appreciable only on the single scattering beyond a Integrating the modi6ed distribution it is found that the mean deflection is reduced from the value, a, given by Eq. (3) to all the angles being expressed in terms of 5 as unit (e.g.,~1).
Next let us consider the case of P(@2 (fi in Fig. 1 ).Under this condition the scattering in the included region up to a p2 is nearly Gaussian, so that the distribution of the projected deflection remains Gaussian in shape (as pointed out in the earlier paper). In this region P(a) is everywhere reduced by a constant factor, approximately equal to iit 1&~a, " fi (2/Qm))I --e *'dx, where a is given by (6a). For n appreciably greater than @q the scattering is single and the distribution of n for the included tracks is (ir/a') P, (n) = (ir/n-') {2P/m. +(I/s. ) sin 2P} =(m/n') Xf2. (12) (Eq. (ii), p. 563 of earlier paper)
where tan p=p/0, The modified distribution is accordingly SCATTERI NG OF FAST ELECTRONS
The change in the shape of the distribution is thus equivalent to a reduction of the single-scattering tail (column 3 of Table I ) by a factor (fm/f&), the mean deHection becoming n;. = u -f (~/n')(1 fg/-f~)adn P with a, especially if P is small (&&2), would lead to serious errors if allowance were not made for it.
It is therefore best to have P as large as possible, greater than 1.5 &g, and furthermore to have pñ ot greater than about 15' in order to preserve the condition of small angles.
The diAerences between 0';"and n, according to both (10) and (13), are small in the actual cases concerned.
For comparison of theory and experiment in the region of multiple scattering a convenient and definite quantity to consider is the mean value of n leaving out all deRections with n & g2 (Eq. (5)).
We shall denote this mean by n2. As we have seen in f(2) the distribution of n is practically Gaussian up to &2; with a breadth corresponding to a mean deRection, n", given by (6a). It follows 
Jm=~(m. -2P -sin 2P) sec'P tan PdP.
"taII-' (4/4, )
In actual cases the difference between 0. '2, ,"and u& is only a few percent, and the corrections are given to show that they are small rather than as quantities to be evaluated accurately (in the present state of the relation of experiment and theory).
In the above discussion it is assumed that the restriction on n' is independent of a, i.e. , that P is independent of n. An appreciable variation of (5) In cloud-chamber experiments on the scattering of electrons by foils the incident and emergent directions are obtained from measurements on a finite length, t, of the track on each side of the foil. A certain error is therefore introduced by the scattering which the electrons suffer in the gas. This scattering increases the measured defiections, and its effect may be regarded as an increase in the thickness of the scattering foil. If we denote by~y the mean deflection produced by the foil, and by n, the mean deflection produced by a thickness t of the gas, the average fractional increase in the scattering due to the gas is of the order (n,2/aP) (Z, 2N, t,)/(Zr'Nrtr), where the suffixes g and f refer to the gas and to the foil, respectively. For lead foils of thickness 0.01 cm, such as have been used, and taking $ = 10 cm of air, a,'/ex/ 1/400, so that the scattering in the gas has a negligible effect. However, for an aluminum foil 0.0025 cm thick, as used in one of the experiments-of Crane and Slawsky, ' 0, ', is comparable with ny, so that the scattering by the foil is appreciably less than the directly measured scattering. The agreement found 'between the latter and theory' is therefore no longer valid.
It is of interest, particularly in connection with the determination of the energy of a particle from the curvature of its path in a magnetic field, to consider the natural "curvature" of its path due to scattering by the gas. Let 8 be the average projected deflection in radians su6ered by the particle in a distance t of gas, so that 8=0.5 (Eqs. (1) and (3) It is . instructive to compare the radius of curvature, p"due to scattering with the range of the particle. Let vo be the initial velocity of the particle and R its range. Then the average projected deflection of the particle after it has traveled a distance t is then u/M"v. Denoting the force acting on the particle normal to its path by F(x), and the distance of the particle from the nucleus in a direction parallel to its path by y we have 
The multiple scattering is given in terms of M by Eqt (3) irrespective of whether M has its classical value (3b) or the Born-approximation value (3a).
In his experiments on the multiple scattering of n-particles Geiger" observed the scattering in space, as distinct from the projected scattering, and he recorded the most probable. direction. of scattering, 0+". The latter falls in the region of Gaussian scattering and in this region the intensity of scattering P(O) is proportional to 0+e 8'~~' , where n is the average projected angle of scattering for the Gaussian part of the scattering, and is given in terms of rr by (6a). Fig. 2 . In terms of p the integral concerned is J"' e'pdp, which is proportional where 8t is suSciently large that P(8t) is un-to J f (p/~2)dlo p p affected by shielding (=Po(8) In the more familiar problem of stopping power the collisions concerned are between the moving particle (se) and the atomic electrons (e) and the quantity which determines whether it is classical theory or the Born-approximation that is valid is y'=re'/Av. Even for n-particles the latter is appreciably less than unity, and it is Bethe's formula for stopping power (Born's approximation) that represents the requirements of quantum mechanics, and which is in agreement with experiment, and not Bohr's classical formula. The difference between Bethe's stopping-power formula (y'«1) and Bohr's formula (y'»1) actually corresponds very closely to the difference between the formulae for multiple scattering under the respective conditions y(&1 and y» i.
We shall digress somewhat to show this connection between the two phenomena, and incidentally give a simple derivation of Bohr's and of Bethe's formulae for stopping-power. $ * For these heavy elements M is only about 10 and the condition of multiple scattering assumed in the writer' s theory, vis. M)&1 is not ideally satisfied.
Geiger and Mayer also observed the multiple scattering by foils of different thicknesses. The writer has not had the opportunity to make a detailed comparison of theory with all the data, but there is no apparent serious discrepancy. 8, is of the order of m/M", while 8 ' is an effective lower limit determined by the binding forces.
Actually the above expression for P,(8), which applies to free electrons, is in this application valid statistically provided the distance of approach is such that the time of collision is less than the natural period,~, of the atomic electron, i.e, , provided the impact parameter is less than p vr/2x=v/2xv, where v is the average characteristic frequency of the atomic electron. p plays exactly the same role as the shielding radius, a, in multiple scattering, and 8 is the deflection of the particle by a free electron when the impact parameter is of the order of p. As in multiple scattering the relation between 0 ' and p depends on whether y'«1 or y'))1. Returning to the experiments on n-particles it might be mentioned that observations have been made, particularly by Rose, " with foils so thin that the quantity M is less than unity.
Under such conditions the scattering remains nearly single for all angles however small. Under these conditions, as the angle of scattering is reduced, the intensity of scattering begins to fall at 8 0 below the intensity of single scattering by unshielded nuclei, viz. , Po (8) (Fig. 2 ).
(7) SUMMARY OF RESULTS As the formulae representing the results of the calculations described in this paper and in the writer's earlier paper (S) are somewhat scattered we summarize here the main results.
A natural unit of angle 8 is defined by 8 = 2Zze'(Nt)'/M P'c'P where Z = atomic number, ze, M", and Pc = charge, mass, and velocity of the scattered particle, re- M= M,~--0.20~NtZ *(k'/mc') if T))1, (3b) T = (Zz/P) (e'/inc) = (Zz/137P).
The probability that the particle has a projected deflection between n and n+dn is where only approximately Gaussian, and its representation as a Gaussian with an average deflection n (Eq. (6)) has not the same degree of accuracy as the representation of the resultant average deflection by a (Eq. (3) ). The results of the numerical calculation of the distribution in Section (2), however, show that the deviation of the resultant broadened distribution from the Gaussian curve given by (6) is actually very small. This is corroborated by the agreement (Table V) between the values of 0'" to which Eq. (6) leads and the values given by G-S. The errors of a few percent in the distribution given by (6) are of course of an order of magnitude much smaller than the differences between theory and experiment for lead scatterers.
Besides their reference to the use of Gaussian distributions G-S list three other assumptions or approximations which are usually made. The errors arising from these approximations can, however, be evaluated in order of magnitude and they are very small. One is that the distance traveled by the electron is equal to the thickness of the scatterer. An approximate correction for this assumption was given in the writer's 6rst paper (S, Appendix C, p. 568), and in most of the experiments concerned the whole correction is very small ((3 percent). Disregard of back scattering is another approximation mentioned. However, this is fully justified because in the experiments concerned the thickness of scattering material is chosen to give a small average defiection, and under such conditions both the theoretical and observed probability of back scattering are negligible. Actually the theoretical probability of back-scattering is approximately where b is the unit angle used in the calculalations (Eq. (1)). In the experiments of Sheppard and Fowler on fast electrons, for instance, 0. 05' 3X10 3.
Finally G-S list the disregard of inelastic scattering (arising from the emission of radiation) as an approximation. While an exact treatment of the influence of radiative forces on scattering has not yet been given, its approximate absolute magnitude is certainly small. This may be shown as follows. The probability that a nudeus scatters an electron through an angle greater than 8, neglecting radiative reaction, is represented by the cross section~, (8) =4mZ's'/m'c4P8'. To be 306 E. J. WILL I AM S deflected through an angle 8 through the emission of radiation the energy of the latter must in general be at least of the order of mc'P8. The cross section, cr", for the emission of this amount of radiation in a nuclear collision bears to 0, a ratio of the order of (4/3~)137 'f82 log ($8) ' log 8 " 3&&10 3)8'log ($8) 'log 8 ' Thisincreases with 0 and for the maximum deflection that can in general be produced by radiation, vis. , 8 (corresponding to emitted energy of the order of the total energy of the electron), we have o"/0, 3 10 '. f ' log $. In the experiments on the scattering of fast electrons $ is of the order of 10, so that o"/0, & 10 '. We may therefore conclude that the direct effect of the emission of radiation on the scattering is negligible. The indirect effect of inelastic collisions vis. , the reduction of the energy of the electrons in the foil is adequately allowed for in the experiments by taking the energy of the electrons as the mean of the incident and emergent energies.
In their treatment of screening Goudsmit and Saunderson use a number of different approximations to the atomic field and state that t' he results are quite sensitive to the form of field used. If, however, the dimensions of the electron cloud round the nucleus were changed by as much as 50 percent, thus changing p by the same amount, the corresponding change in the average deflection (or the width of the multiple-scattering distribution) would, as pointed out in S, be only about 2 or 3 percent. The Thomas-Fermi atomic field, assumed in S, can hardly be in error by more than 10 percent or so, especially for heavy elements, so that from this source we should not expect an error of more than about 0.5 percent in the resultant scattering. A more important source of error in the treatment of screening for heavy elements is the use of the Born approximation, which is valid for fast electrons only if Z/137 is appreciably less than unity. This is hardly so for lead. By an interpolation from the classical values of p which are valid if Z/137))1 (Section (6), Fig. 2 
